In classical mixed finite element method, the choice of the finite element approximating spaces is restricted by the imposition of the LBB consistency condition. The method of H 1 -Galerkin mixed finite element method avoids completely the imposition of such a condition on the approximating spaces. In this article, we discuss and analyze error estimates for Convection-dominated diffusion problems using H 1 -Galerkin mixed finite element method, along with the method of characteristics. Optimal order of convergence has been achieved for the error estimates of a two-step Euler backward difference scheme.
Introduction
The convection-dominated diffusion problems have been treated heavily using finite element methods [1] [2] [3] [4] . Mixed finite element method has been proposed by Douglas et al. [5] . But these methods need to satisfy the Ladyzhenskaya-Babuska-Brezzi (LBB), consistency condition [6] [7] [8] [9] , on the approximating spaces which restrict the choice of the finite element spaces. In this case it is a special case of those defined by Raviart and Thomas [10] . Pani [11] has proposed and analyzed an H 1 -Galerkin mixed finite element method which is not restrictive in the sense that the approximating finite element spaces don't need to satisfy the LBB condition. Further, piecewise linear polynomials can be considered for the approximating spaces. Recently, an H 1 -Galerkin mixed finite element method has been discussed for a class of second order Schrödinger equation by LIU et al. [12] .
Moreover, in convection dominated problems, standard upwind finite difference methods are used for problems which artificially smear fronts with excessive numerical dispersion and produce solutions that depend strongly on the orientation of the difference grids relative to the streamlines of flow. Other standard techniques without unwinding produce unacceptable oscillations in the approximations. These difficulties can be reduced substantially by using the Modified Method of Characteristics (MMOC). This procedure was introduced and analyzed for a single parabolic equation by Douglas [13] using backward single-step in the direction of characteristic. Also, this procedure using two-step in the direction of characteristic has been analyzed by Ewing and Russell [14] , and then extended by Russell [15] to nonlinear coupled systems in two and three spatial dimensions. The H 1 -Galerkin mixed finite element along with the method of characteristics has been applied to the convection dominated diffusion problems with a single step backward Euler in the characteristic direction by Mohamed Ali [16] .
In this paper, to utilize the above advantages for the convection dominated diffusion problems, we shall propose an H1-Galerkin mixed finite element method combined with the method of characteristics, and examine the rate of convergence for a Two-Step Euler backward difference scheme.
Variational Formulation

Consider the Convection-Dominated
Diffusion Problem
.
Assume that and , and the
Here, and 0 . We shall use the standard Galerkin method to solve equation
, and the characteristics method combined with the Galerkin procedure to approximate (4).
the characteristic direction associated with the operator
Therefore, the term in (4) may be replaced by
. Defining the bilinear form
Then Equation (4) can be rewritten as:
In our error analysis we shall use standard Sobolev spaces 
Second-Order Backward Euler Method
We shall approximate (5) using the second-order backward Euler approximation method, using the formula
For the approximation along the characteristic direction, we define
, .
Then, the time derivative along the characteristic direction is approximated by 
Then, the Galerkin procedure is to determine a pair 
Following Pani and Anderssen [18] , we have the following super convergence results at the knot points 0,1 
A Priori Error Estimates for Double-Step Backward Euler Method
Below we state the following lemma for our subsequent use (the proof of this lemma is given in Mohamed Ali [16] , page 46). Lemma 4.1 Let be an approximate solution satisfying (7.a) and be the elliptic projection of defined through (8.a). Then satisfies the following estimates,
In the remaining part of this section we shall assume that the coefficients  and  are bounded, and   a x is bounded below by a positive constant, then
Now define the elliptic projection of through (8.b) and the estimates (9.b) and (9.c) are hold.
V  v
The starting procedure for (7.b) will be required to satisfy
This can be achieved by using a first-order method on a time step smaller than t  , followed by several uses of a multi-step procedure on somewhat larger steps until time t  is reached, for details, see Ewing and Russell [14] . We now state and proof the following theorem. 
